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1. INTRODUCTION 
In this paper we shall report on some regularity properties of solutions of 
the Cauchy problem 
I Uf + ([u(O, t) - u(x, t)]“);p% = 0 in ST = ((X, t) : X E W, t E (0, T]), (1) 
u(x, 0) = u&) on R, 
in which t and x denote, respectively a time and a space coordinate, the sub- 
scripts t and x denote partial differentiation with respect to these variables and 
where T may be any positive number. Problem I is the limiting case of the 
problem: 
II ut + (bz(O, t) - u(x, t)]P)z2: = vu,, in Sr , (2) 
u(x, 0) = z&x) on R, (3) 
which arises in a stochastic model based on the Burgers equation. In (2), v  > 0; 
see Frisch, Lesieur and Brissaud [5]. I n view of the physical interpretation of 
this problem it is natural to assume that the function zd,, is positive definite 
04 > 0). 
Recently, Problems I and TI were studied by Brauner, Penel and Temam [2] 
in the half plane S = -((x, t): x E R, t > 01. They gave a first rigorous mathe- 
matical treatment, proceeding essentially as follows: first they considered 
Problem II for v  > 0, and they showed, amongst other things, that if FX~ E W(R), 
there exists a unique solution u,. in some weak sense. Then, choosing a sequence 
{v&f;) such that vk -+ 0 as k -+ m, they showed that u,* ---f u as k + m in 
Lm([O, co]; Hi(R)) weak star and that Y is a solution of Problem I in an ap- 
propriate sense. In addition it was shown that for all Y > 0, /I U, I/Lm(S) < /I zc, /ILrn(n) 
and that u,(., t) > 0 for fixed t 3 0. 
In a second paper [lo] Penel showed that if u,, E C=(W), and Y > 0, then 
11, E C~(S). 
226 
0022-0396/79/080226-l 3 $02.00/O 
Copyright 0 1979 by Academic Press, Inc. 
Al1 rights of reproduction in any form reserved. 
THEORY OF TURBULENCE 227 
Assuming for the moment U( ., t) > 0 for all t E [O, T], we notice that equation 
(1) is degenerate parabolic: i.e. at points in S, where ~(0, t) > U(X, t) it is 
parabolic, but at points where ~(0, t) = U(X, t) it is not. Since this type of 
degeneracy also occurs in the porous media equation (u8 .= (Us”“),, , m > 1) we 
are led to consider existence of solutions of Problem I in a class of functions, 
which is analogous to the class of generalized solutions of the porous media 
equation, defined by Oleinik, Kalashnikov and Yui-Lin [9]. 
DEFINITION. A function U: Sr -+ R is called a generalized solution of 
Problem I if: 
(i) ZE is continuous and bounded in S,; 
(ii) ZL(., t) > 0 for all t E [0, T]; 
(iii) [zl(O, t) - U(X, t)]” possesses a bounded generalized derivative with 
respect to E in S,; 
(iv) u satisfies the identity: 
for all @ E Cl($) which vanish for large ! x ! and for t = T. Here z(?c> t) = 
u(0, t) - u(x, f). 
In section 2, we shall prove that if zc,, ELM, ua > 0 and ua is uniformly 
Lipschitz continuous on R, then Problem I has at least one solution u which 
satisfies (i)-(iv). We shall do this by approximating z+, by a family of functions 
~a,, E C”‘(R) and considering the corresponding solutions u, of Problem II 
for Y = I/Yz. This family is then shown to be equicontinuous, and a sequence 
is shown to converge to u, uniformly on compact subsets of Sr . 
In section 3 me shall discuss some regularity properties of the solution 21. 
In particular we show that u is uniformly Lipschitz continuous with respect 
to x in S, and that iid+“/& is continuous in S, for each X > 0. By constructing 
an explicit generalized solution of Problem I, we show that these regularity 
results are optimal. 
Finally in section 4, we show that if u,, satisfies the inequalities 
where d and E are positive constants, then there exists a constant T,, such that 
~(0, t) = 1 for t E [0, T,,]. A similar result holds for solutions of the porous 
media equation [Tj. 
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2. EXISTENCE OF GENERALIZED SOLUTIONS 
We shall prove the existence of a generalized solution by using a constructive 
method. First we approximate the initial value U, by a family of functions 
{U&N): n > I>, where all the z+,,,,, have such properties, that if we consider u,,, 
as an initial value in Problem II, with ZJ = l/n, then this problem has a unique 
classical solution, denoted by u,(x, t). 
There after, we show that the set ~u,(x, t): n 3 1} is equicontinuous on Sr , 
so that we can use the Arzela-Ascoli Theorem to obtain convergence of some 
subsequence. Finally we show that the limit function has all the properties 
required of a generalized solution. 
We start with the following lemma. 
LEMMA 1. Let u0 E L2(R) n Lip(R), with Lipsclzitz cmzstant L, and let u, > 0. 
Then there exists a sequerzce of functions {u,-,~(x)>~=~ in Cm(R) such that 
0) uo,n + a0 as n - co, uniformly 01z R; 
(ii> I & 1 <Lfor alln > 1; 
(iii) u,,, E W(R) for all n 3 1; 
(iv> uO,,Z>Ofo~alln>l; 
(4 I f~O,?l / < supZEn 1 u,(x)1 = u,(O) for all n > 1. 
Proof. Let p(x) = e-“’ and set, for all n 3 1, P&X) = r-ilfnp(nx). Then 
define the functions uo,?, , n > 1, by 
Zlo,n(X) = j, Pl& -Y> U,(Y) d?;, 
from which the properties (i)-(v) easily follow. 
Next we shall consider the functions zdo,rL as initial values for equation (2): 
i.e. for a given n > 1, we consider the Cauchy problem 
1 
zlt = - us, in ST, 
II’ 
n - ([@I t> - 4% w)m (4) 
Ic(s, 0) = UO,&“) on R. 
Then, because ao,n E C”(R) n HI(R) and u~,~. > 0, it follows from [IO] and 
[2, Theorem 1.21 that Problem II’ has a unique classical solution, denoted by 
u = z~,Jx, t), such that u, E C=(Sr) and, for each t E [0, T], u,(., t) E Hi(R) and 
Z&x(., t) > 0. 
In order to prove that the set {u,(x, t): n > 1) is equicontinuous on S, , 
we shall first derive an estimate on the derivative ~1,~~ , which is uniform with 
respect to n > I. We shall make this the content of the next lemma. 
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LEMMA 2. Let u, be the solution of Problem II’, in dich zr,,, satis$es the 
properties of Lemma 1. Then there exists a constant K E (0, 00) such that 
for all (x, t) E ST and for all n > 1. 
Proof. Fix x0 E R, and denote by R the rectangle (x0 - 1, x0 $ 1) x (0, T] 
and by R, the rectangle (x0 - 1 + 6, x0 + 1 - 6) x (0, T], where 6 E (0, 1). 
We observe, using the maximum principle [2], that 
sup I *, I G sup I Uo,n I G uo(O) for all 12 > 1. 
R R 
Then, if we write equation (4) as 
Ut = (l/n + 2[U(O, t) - 21(x, t)]>z& - 2u,a on R, (3 
we can apply a standard Bernstein argument (Aronson, [l]) to equation (5). 
Thus, we introduce a new variable U, = (b(zuJ, where we choose 4(r) = 
2M(er - 1) and AJ = u,,(O), and d erive a differential equation for wne . Further, 
let 4 E Caz([xO - 1, x, + 11) such that 0 < c < 1, t = 1 on [x0 - 1 + 6, 
x0 + 1 - S] and set zn(x, t) = awn, . Then, if z, attains its maximum value at 
the lower boundary of R, we have 
where f  E (x0 - 1, x0 + 1). 
However, since c = 1 in R, and since un5 = $‘(‘o,Jwn,, we find 
sup C’ 
sup I %z I < 7 I f&n I d 3L, 
RS mf 4’ 
$3 
for all YL > 1, and for all x0 E R. 
If, on the other hand, z attains its maximum value at an interior point (x”, f) 
of R, we have z,~ = 0, z,~ , > 0 and znt - (l/n + 2t#Cw,(O, tj) - (p(w&, t>)l)~nn, 
> 0 at (a, i). Combining these inequalities with the differential equation for zun, , 
we obtain an upper bound for z in R, which is independent of n, T and the 
location of the rectangle R. Moreover since 8 = 1 in R, , we find 
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Then using 
SUP I *tzr I ,( sup 4’ sup I ‘qzz I = 3M sup / w,,z I, 
45 % KS 
we obtain 
for all 1z > 1, and for all x0 E IR. Finally, combining (6) and (7) we obtain the 
desired inequality with K = 3 maxp, MC]. 
Next we write equation (5) as 
and 
b(x, t) = -2u,&, t). 
By Lemma 2 and the maximum principle, it follows that there exists a constant 
p = max((l + 4M), 2K) such that for all (x, t) E Sr and for all 7~ > 1: 
4x9 q d p and I b(x, f)l G p* 
Again from Lemma 2, we have for all (x’, t), (x”, t) E S, and for all 1z > I: 
1 U.&v’) t) - Un(x’N, t)1 < K 1 x’ - X” 1. (9) 
These estimates enable us to apply a theorem of Gilding [6], about the 
Holder continuity of solutions of parabolic equations, and we obtain for solutions 
of (8), which satisfy (9): 
( 21,(x, t’) - Zl,&?, t”)[ < K, j t’ - t” y, (10) 
for all 71 > 1 and for all (x, t’), (x, t”) E Sr , with 1 t’ - t” I < 6,. Here, the 
constant S, only depends on p”, and the constant K, only depends on p and K. 
Thus combining (9) and (lo), we find that the set fu,&, t): n > l> is equi- 
continuous on S, . By the Arzela-Ascoli Theorem, it now follows that there 
exists a sequence (usp> and a function u E C(Sr) such that ZC,~ + Y as nA + co, 
pointwise on ST . This convergence is uniform on any bounded subset of &. . 
It remains to show that the limit function u has all the properties required of a 
generalized solution, and we shall do this step by step. 
(i) We already obtained that u E C(S,). Moreover, by the maximum 
principle, sups, / U, 1 = u,~,~(O) for all n > 1. Hence sups, 1 zc / = u&O). 
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(ii) We know that u,(., t) > 0 for ah n > 1 and for all t > 0. By defini- 
tion, this means that for each finite set of real numbers {x$)Er and for each 
finite set of complex numbers {ai>EI , 
for all n >, 1 and for all t > 0. Then, since u,~Jx, t) + u(.v, t) as nR + OC), 
uniformly on bounded subsets of sr , it follows from (11) that u( ., t) > 0 for 
all t >, 0. 
(iii) Let @ be an admissible testfunction with support @ C Q, where Q is 
a bounded subset of $, and denote the convergent sequence by {u~>:=~ . 
Since /(zJ,~(x, t)& / = 2[u,(O, t) - u,(x, t)] /(u,(x, t))% 1 is uniformly bounded 
with respect to n > 1, for all (x, t) E Q, it follows that ((G,~)~} is a bounded 
sequence in L2(Q). Hence, there exists a subsequence {(zJ~,)+~ and a bounded 
function p E L2(Q) such that 
(6& - P 
Now, let 5 E C,l(Q). Then 
in L”(Q) as 7111 + o3. 
w 
where ( ) ) denotes the inner product in L3(Q). But since zl,; -+ U, uniformly on 
bounded subsets, we have 
(62, ? 4,) -+ (‘u”, [,) as n, -+ a. (13) 
Hence, combining (12) and (13), we find that p is the generalized derivative of ~a. 
(iv) Since U, is a classical solution of equation (4), it follows that 
By Lemma 2: 
as II--+ cc). 
Hence, if we set n = n, in (14) and let n, -+ so, we obtain 
j jQ ?%@% + @‘tU) dx dt = -jQnitcas @(x, 0) U&) dx. 
232 C. J. VAN DUPN 
Finally, since @ had been chosen arbitrary, we proved the following existence 
theorem: 
THEOREM 1. Let u0 E L2(R) such that u,, is un;foAj Lipschitz continuous on R 
and u, > 0. Then there exists at least one generalized solution u of Problem I. 
3. REGULARITY 
In this section we shall prove some regularity properties of the generalized 
solution of Problem I which we have constructed in the previous section. 
THEOREM 2. Let u be the generalized solution of Problem I constructed in 
section 2. Then u has the follozeing properties: 
(i) For any t E [0, T], 
u(., t) EL”(R) and II UWll,q,, G II uo IlLa ; 
(ii) u(x, t) is uniformly Lipschitx contilmous zvith respect to x and uniformly 
Hiildu continuous (exponent Q) with respect to t in &-; 
(iii) u is a classical solution of equation (1) i?t a neighbourhood of any point 
(x0 , to) E S, with x0 + 0; 
(iv) given any h > 0, &1~+~/6x exists and is continuous in S, . Moreovu, 
&J~+~(O, t)/ih = 0 for all t E (0, T]. 
Proof. (i) From [2, L emma II. 1 and remark I.21 we find that for each t E [0, T] 
and for all n > 1, II u,(t)ll,z(n) < II uo,, Lila . Moreover, since II u,,, IIG(R) < 
/I u, I/L%(a) , this implies that /I uJt)]/~(~) < jj u. IIL,(R) for all t E [0, T] and for 
all n > 1. Now, fix 2 > 0 and let I, denote the interval (-1,2). Then, because 
U, -+ u as n ---f co, uniformly on II , we find 
il u II PU,) 7 = iLi% Ii un IILa~I,~ G II u. Ildtlwj . 
Hence, letting I -+ CO, we obtain the desired result. 
(ii) This property follows easily from the inequalities (9) and (10). 
(iii) Let (x0 , to) be a point in S, . Then, because u(-, to) > 0, 
u(xo , to> < u(O, to). 
We assert that if x0 f  0, the inequality is strict. For suppose 
f&l 2 to) = @A to), 
for x0 # 0. Then, because u( -, to) > 0, U(X, to) is periodic with respect to x with 
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period ~s [2]. However, because U( ., ts) EL”(R) n Lip(R), with Lipschitz 
constant K, 21(x, t,) ---f 0 as j x 1 + co? which contradicts the periodicity of 
u(x, to>. Thus 
f&l , to) < u(O, 63) 
and hence, since u,(x, t) + u(x, t) uniformly on bounded subsets of Sr , there 
exists a constant E > 0 and an integer N(E) such that for all B > N(E) 
Zl,&YQ , to) < z&(0, to) - E. 
Moreover, since the set (Qx, t), n > 13 is equicontinuous, there exists a 
neighbourhood N, C S, of (x,, , t,) such that 
u,(x, t) < u,(O, t) - E/2, 
for all (3, t) E N0 and for all n > N(E). 
Next observe that ZL,, = 4 satisfies 
Qt = (4% +& + 2&x, t)(lLL: in IV0 , Cl3 
where a(.~, t) and b(x, t) are defined below equation (8). Now, because E < 
a(~, t) < 1 + 4111 and 1 b(x, t)j < 2K for all (x, t) E iV, and for all n > TV, 
we can apply [8, Theorem 10.11 to equation (15) and obtain that there exists a 
neighbourhood IV, C No of (x0 , to) such that for all n > N(E), ~1,~ E Ca(N,) 
for some 01 E (0, i), where 01 and /j u,~ i/cacN,, may be estimated independently of A. 
Moreover, using property (ii) of this theorem, we also have u,~ E C”l(iVI) for 
all 42 > 1, with jl u, I&v,) independently of ?z. Hence, a, b E @(N,) and 
/! a jlcEjN1) , Ij b jjcIy(N1) can be bounded uniformly with respect to tt. 
Then, we apply the linear theory 14, p. 611 to equation 8 and find for a neigh- 
bourhood N, C N, of (x0 , to) that uu, E CZ+*[Na) and I/ U, /ICzf.(NZ) is uniformly 
bounded with respect to n > N(E). Hence u E C e+a(N9), and it follows directly 
from the integral identity (iv) that zl is a classical solution of (1) in IV, , 
(iv) We proceed as in [l]. First we notice, that if x + 0, property (iv) 
follows at once from (iii). Therefore, it remains to prove (iv) in a neighbourhood 
of the line N = 0. 
Let S > 0 and denote by Q, the set ((x, t): / x j < 6,O < t ,( T}. Then, since 
wn(x, t) = u,(O, t) - u,(x, t), we have 
v,(O, t) = 0 and 
for all n > 1 and for all (x, t) E& . Further, given any A > 0, each v,, satisfies 
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for all (x1 , tr), (+ , tJ E S, . Hence, using Lemma 2 and the above remarks, it 
follows that for all (x1 , tr), (x~ , tr) E Qs 
/ v;+yxl , t1) - vy(x, ) tJ1 < (1 + A) K1+%” / Xr - x2 /, 
and, letting n + CD, 
/ vl+yxl ) tl) - V”“(XZ ) tJ < (1 + X) IP” 6” ( *Tr - ‘x2 1. (16) 
Thus, if we take x1 = 0, we obtain 
0 < v1+yx, t) < (1 + A) K?+a 6” 1 x 1, 
for all (x, t) EQs , and it follows that W+“(O, t)/& exists and equals zero for 
all t E (0, T]. 
Finally, let (x1 , r t ) E Q8 such that x1 # 0. Then from (iii) &9+~(x, , tr)/ax 
exists, and, from (16) 
aV1+a 
__ (Xl 3 ax tl) < (1 + /\) K1+%\s”. j (17) 
Moreover, because &v~+~(O, t)/??x = 0, (17) holds for all (x1, t,) E Qs . Hence, 
using the factor SA in (17), we obtain that av1+‘13x is continuous in Qs . 
In order to show that Theorem 2 provides the best possible global 
regularity properties in X, we shall construct an explicit generalized solution of 
Problem I, whose derivative with respect to x is discontinuous across the line 
x = 0, but which satisfies all the properties of Theorem 2. 
Consider the half-space problem 
Ut + (v%!, = 0 x > 0, t > 0, 
III u(0, t) = U(t + 1) t 3 0, (18) 
24(x, 0) = u&7) x > 0, 
where U is an arbitrary positive number, and y  and u,, are quantities which will 
be determined later. 
We look for a similarity solution of the form u(x, t) = U(t + l>‘f(v), where q 
denotes the similarity variable x . (t + 1)-B. Here, /3 E R, will be chosen later. 
Then, if we substitute this particular solution into the equation and if we choose 
y  and /3 such that -1 - y  + 28 = 0, we fmd that f  should satisfy 
([f(O) --f(m” - qf’ + sf = 0, q > 0. (19) 
Here, a prime denotes differentiation with respect to q and r = ,8/U and s = 
(28 - 1)/U. At the boundaries we require 
“f(O) = 1 and f(m) = 0. (20) 
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NOW, set g(q) = 1 -f(y). Then (19), (20) lead to the two-point boundary 
value problem 
III, (2)” + ‘%’ + 41 - g) = 0, q >o, 
g(0) = 0 and g(m) = 1. 
In order to obtain solutions of Problem III’ (or III) which satisfy the smooth- 
ness properties of Theorem 2, we shall make the following two choices. First, 
we choose I’ + s = 0, i.e. p = 4 . Then, (21) can be written as 
or 
k’)” + h(g - 1))’ = 0, q >o. 
k”)’ + v(g - 1) = Cl , q > 0, 
where C, is constant. 
Second, we choose C, == 0, which implies that 
(g’)’ + rq(g - 1) = 0, ri> 0. 
Then, it is easily seen that the function g, defined by 
satisfies the equation and the boundary conditions. 
Now, recalling that f(q) = 1 - g(y), it follows from (22) that f’(O+) = 
-(r/2jri” and 0 <f(q) < exp(-(r/4)$) for all 71 > 0. We shall denote this 
solution of (19), (20) by f+(q). By symmetry, we can de&e a functionf-(7) on 
(-co, 0), such that f- satisfies equation (19) for 7 < 0 and f-(O) = 1, 
f-(-co) = 0. Finally, define 
and 
u(31^, t) = U(t + l)-li3f(x(t + lj-1:“). 
The function u can easily be shown to satisfy the conditions (i), (iii) and (iv) 
from the definition of a generalized solution. It remains to show that ZZ(., t) > 0 
for all t 3 0. 
Because g(., t) ELM for all t >, 0, we can determine its Fourier-transform 
and, since a(~, t) = c(--X, t), it is given by 
iG(s, t) = 2 jrn cos(ss) qm, t) dx 
II 
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Now since f+“(q) > 0, a standard calculation shows that i(s, t) > 0 for all 
s E R and for all t > 0. Then, using Bochner’s Theorem [3], we have c(., t) 3 0 
for all t > 0, so in is indeed a generalized solution. Moreover, it is easy to see 
that this solution E satisfies all the properties of Theorem 2. 
Thus, we may conclude that Theorem 2 is the optimal global regularity 
result with respect to .v for generalized solutions of Problem I. 
4. A GEOMETRICAL PROPERTY 
In this section we shall show that for certain initial values a generalized 
solution of Problem I remains constant at x = 0, for a finite time interval [0, Z’s]. 
PROPOSITION. Let zc be the genealized s&.&n of Problem I corw-trueted in 
section 2, and let u,, satisfy 1 - As2 < q,(x) < 1 for 1 x 1 < I, where d md I are 
positive constants. Then ~(0, t) = 1 for t E [0, T,,], where T, = l/12 min(l/k!, 12/2). 
Proof. Let u,(x, t) be the solution of Problem II’ in $-, where the initial 
value u~,~ has been constructed as in Lemma 1. Then, if zca satisfies the assump- 
tion of the proposition, there exist constants c(n) > 0, with e(n) --f 0 as n -+ 00, 
such that 
1 - +> - AX2 < U,,,(E) < 1, 
for all / x: 1 < I and all n > 1. Now, fix n > 1, and consider Problem II’ in 
the strip Sr, , where T, > 0 is a constant which we choose later, and where the 
initial value is given by the function 
co,, = 1 - +?) - & . 
0 
Then, the exact solution is given by 
u = zqx, t) = 1 - &z) - 
X2 
12(To - t) 
-&+ 
0 
Next we choose for To: 
Then, if Qr, denotes the rectangle (-I, I) x (0, To), this chaise implies that 
z& < u, on the parabolic boundary of QTO , which we shall denote by rrO . 
Set h(x, t) = u,(x, t) - Z&(X, t). Then h satisfies the equation 
ht = a& -+ b,h, + 2zZnm[h(0, t) - Iz(x, t)] in Qr, , 
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and 
lz>O on rr,. 
Here, a = a(~, t) is defined below equation (8) and b, = 5,(x, C) = -2[21,,=(x: t) 
I 
i- %,(? tjl. 
Now, letQ2,, = (--I, I) x (0, t*), Th w ere t* may be any number in the interval 
(0, T,), and let I’,, denote its parabolic boundary. Then, for a11 t E (0, t*) we have 
h(0, t) = un(O, t) - 22,(0, t) < c(n) +- & In To To-t* ’ 
Hence, if we set h(x, t) = y(x, t) + c, where c = E(H) + l/&z In To/(To - P), 
then y  satisfies: 
and 
y  > -c(n) - d In TO 
To-P 
on r,, . 




As, t) lota 3 - c(n) + 6n In T,---, t 
p’* , 
where w may be any constant greater then l/3(To - t”). Hence 
z&(X, t) - Z.&(X, t) > - (cc?Z) -+ k In T0 To - t* 
for all (x, t) E & . Thus, letting ?z + co, we find that 
X2 
21(x, t) 3 1 - __- 
12(To - t) in St* I 
and in particular, ~(0, t) > 1 for all t E (0, t*j. On the other hand, ~(0, t) < 
supoca x0(s) = 1 and hence 
u(0, t) = 1 for t E [0, t*]. 
Since t* E (0, To) was arbitrary, and u E C{&), 
u(0, t) = 1 for t E 10, T,j. 
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